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The statistical reconstruction of lattice models of real porous media is one of the
basic engineering problems in the theory of porous structure and has a variety of appli-
cations in the study of transport, in mineral processing, and in material characteriza-
tion. A systematic analysis of the reconstruction problem of porous media is presented,
as well as a closed-form solution. The solution is presented in the form of a linear filter
acting on Gaussian processes by means of a superposition of elementary correlated
processes with prescribed correlation properties, and in the form of a memoryless
process recalling the theory of Khinchin on the properties of correlation functions. The
connection of this approach with models of correlated percolation is also discussed.

Introduction

Signal /image analysis by means of methods derived from
fractal theory has produced many significant applications. The
most significant result is certainly the approach to image
compression by means of iterated function systems, first in-
troduced by Barnsley (Barnsley, 1988; Barnsley and Hurd,
1993) and subsequently developed by many authors, includ-
ing Forte and Vrscay (1994a,b).

Another interesting contribution comes from the analysis
and filtering of stochastic fluctuations by applying fractional
Brownian motion models or multifractal methods (for an
overview of various approaches, see Baldo et al., 1994).

Image processing has important consequences in the the-
ory of porous media with a view to describing the fine struc-
ture of the pore network, obtaining equivalent lattice models
of real porous structures, analyzing transport phenomena on
these models, and predicting the behavior of transport coeffi-
cients (Adler et al., 1990; Blumenfeld and Ball, 1992; Blu-
menfeld and Torquato, 1993). One of the most interesting
results of image analysis in the study of porous structure, with
a potential multiplicity of industrial applications, is the recon-
struction of porous media, which involves the generation of
lattice models possessing the same statistical properties as the
real porous structure under investigation. The information on
the porous medium is obtained from the optical analysis of
the structure. This method has been applied mostly to geo-
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logical macroporous media (sandstones) with a characteristic
lengthscale ranging from 0.1 to 10 mm, but can also be ap-
plied to the macroporosity of packed columns, and in princi-
ple to microporous materials. This operation has been exten-
sively studied by Joshi (1974), Quiblier (1984), and Adler et
al. (1990) (the JQA approach) in connection with macro-
porous materials, borrowing a similar approach developed in
electrical engineering for the filtering of a linear superposi-
tion of random Gaussian variables (Thompson, 1954; Barrett
and Coales, 1955; Rugh, 1980). For further analysis on this
topic, see also Yao et al. (1993) and Sallés et al. (1994).

The notion of equivalence between the original porous
medium and the reconstructed lattice structure depends on
the mathematical framework within which the reconstruction
problem is tackled. In the JQA formulation, the recon-
structed lattice is obtained by considering a linear superposi-
tion of Gaussian random variables. The equivalence of the
original porous medium and the reconstructed lattice means
that they have the same porosity and the same pore-pore
correlation function (correlation function of the second or-
der). The reconstruction of porous media is a typical inverse
problem, like many other encountered in engineering appli-
cations. In the JQA formulation, this problem is recast in the
form of a nonlinear functional equation that can be solved by
applying parameter optimization.

In this article we show that the reconstruction problem can
be solved in closed form by reducing the problem to a linear
functional equation that can be solved by means of a Laplace
inversion. The reduction of the reconstruction problem to the
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form of a linear functional equation is made possible by the
choice of a suitable set of stochastic basis processes possess-
ing an exponential decay in the correlation function. The
analysis is further extended to consider memoryless recon-
struction and its relationship with spectral representation and
ergodicity. The connection between the reconstruction prob-
lem and the correlated percolation schemes is also discussed.

Statement of the Problem

Let us consider the experimental section of a porous
medium as a two-dimensional image 9 and let @ be the
pore space, described by its characteristic function x(x)

_J1 xc @
Xo(x) = {0 elsewhere. (1)

The porosity € is given by € = { yo{(x)), and the normalized
pore~pore correlation function by

A xely)—eX X@Z(.Y+x)—e)> . @

€ — €

sz(x) =

Note that ( ya(x)) = {xe(x)) =€, for every n>0
({-) indicates statistical spatial average).

Under the assumption of isotropy, C;,(x) is solely a func-
tion of x = | x| and a generic cross section of the material is
representative of the entire three-dimensional structure. The
statistical analysis is limited to the pore—pore correlation
function, so that the lattice structure to be generated must
have the same porosity and the same pore-pore correlation
function as the original image.

A simple way to obtain this is to consider a continuous
correlated random process Y (x)

Y(x)= Y. a(r)e(r + x), 3)

where £(x) is a normalized Gaussian random variable (with
zero mean and unit variance), a(r) is the kernel of the linear
filter, and the summation is extended over the values r’ be-
longing to the lattice representation of the periodic unit cell.
Since Y is a linear superposition of Gaussian variables, Y is
still Gaussian with zero mean. The transformation from the
Y process to the binary (pore—pore matrix, 0/1) porous
structure is given by a nonlinear filter G, depending on the
distribution function F, of Y and on the porosity e: for each
point x, the reconstructed (0/1) porous structure Zg(x) is
given by

FLYx))<e

1
Zp(x) = g(Y(x),0) = F(Y(x)>e€
4

Equation 4 ensures statistically that the reconstructed porous
medium admits the porosity e, so that the only condition to
be further imposed is that C,, (x)=C,,(x).

The correlation function C,; (x) is related to the corre-
sponding correlation function C, g(x) through the relation
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© w (G(y,,€)— €)X G(y,,e)—¢€)
szk=f_md)’1/_md)’2[ - : ]

xp(y1,y2), (5)

where

1

2'rr(1—C22,)1/Zexp[_

() = y%+y§—2C29y1y2]
127277

21-¢3 1,)
(6)

The normalized correlation function C, (x) for Y given by
Egq. 3 reads as

Cy (0= Za(r')a(r’ +x)/ Zaz(r’). ¢)]

Therefore, for every C,;(x), the corresponding value of
C, (%) is evaluated through Egs. 5~6. In the work of Joshi
(1974), Quiblier (1984), and Adler et al. (1990), Cyz, Is ex-
pressed as a power series of C, by using an orthogonal ex-
pansion in terms of Hermite polynomials. This series expan-
sion is computationally expensive and the convergence dete-
riorates for C,, tending toward unity. For this reason, it is
convenient to integrate numerically Eq. 5 with p(y;, y,) of
Eq. 6, for the prescribed value of the porosity €. Starting from
a set of values {C,,} € [-1, 1] the corresponding values
{C,2,:} can be obtained in this way, and can be used as a
calibration curve.) From the knowledge of C, J[x), the coeffi-
cients of the linear filter {a(r')} are then calculated starting
from Eq. 7 by means of optimization methods.

Closed-Form Solution with Linear Filters

In the previous section we have seen that the reconstruc-
tion problem reduces to the solution of the nonlinear func-
tional Eq. 7. The approach foilowed to solve this equation is

based on optimization methods.

In this section we show that the reconstruction problem
can be recast in the form of a linear functional equation,
analogous to a Laplace transform, which can be solved in
closed form in many cases. This approach is based on the
choice of a suitable set of basis processes with specified (ex-
ponential) decay in the correlation function. The choice of
the basis processes depends on the domain of definition. For
this reason, different cases are discussed separately.

In the theoretical development it is useful to recast the
previous equation in integral form, by taking the continuous
limit of Eqgs. 3 and 7. The continuous counterparts of these
equations are

Y(x) = fa(r)EF + x)dr,
C, (%) = [a(r)a(r' + x) dr'/fa*(r')dr'. (8

Unless specified, we will always consider the continuous for-
malism.
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One-dimensional case

The reconstruction of a 1-d Gaussian process with speci-
fied correlation properties is of limited interest in the theory
of porous media [the reason is that it is impossible to repre-
sent nontrivial porous structures on the real line without in-
hibiting the existence of an end-to-end path; the only perco-
lating cluster on the real line is for unit percolation probabil-
ity (Stauffer and Aharony, 1992)], but is formally useful to
highlight the method adopted.

Let x € (—e0, ) and let us define as basis processes { Y (x,
A)}, the Gaussian processes defined as

‘y(x,)t)=/wa(x',)t)§,\(x+ ¥)d,
0
a(x,A)=v2rexpC*9, (9)

where £(x) is a Gaussian uncorrelated process with zero
mean and unit variance. The correlation function C, (x, A)
of Y(x, A) is given by

C, 9(x,)«)=<‘y(x’,)‘)‘y(x’+x,/\)>=e‘)"‘, (10)

that is, it exhibits an exponential decay in x. For example,
Figure 1 shows the correlation function obtained numerically
for the stochastic process, Eq. 9, compared with the predicted
exponential relaxation, Eq. 10, for different values of A.

We can expand a generic process Y(x) as the superposi-
tion of the basis processes {Y(x,A)}

Yo = [ p)Y(x, DA, (n
0

Coy(z, )

0.8

slh % a) A=10-10"!
b) A=1.0-10"2

c)A=1.0-10"3

0 50 100 150 200 250 300

Figure 1. C,x,A) vs. x in the one-dimensional case.

The correlation function obtained numerically for the
stochastic process, Eq. 9, (points) is compared with the pre-
dicted exponential decay, Eq. 10, (continuous line) for dif-
ferent values of A.

AIChE Journal

By observing that { £(x)€.(x)) = 8(x — x")6(A— X), it fol-
lows that

Cy(0)= (NG, (5,0 dA= [ “r(Netda, (12)

where 7(\)= pZ(A).

Therefore, under the condition that C, , > 0, it follows that
7r{ A) is the inverse Laplace transform of the correlation func-
tion. The condition C, = 0 is not so restrictive in practical
applications. The extension to d-dimensional structures is
straightforward.

d-Dimensional isotropic structures

An isotropic porous medium is characterized by a
pore—pore correlation function that depends exclusively on
the distance x = x|, C; (x)=C, (x). For d-dimensional
isotropic porous media it 1s convenient to define the basis
processes {Y(x,A)} in a slightly different way than in the pre-
ceding subsection, by convoluting a Gaussian uncorrelated
process with a Gaussian kernel,

Y(x,A) = fEd“(“’ Ve (u+x)du

AN\ Y
=(-_) fEdg‘“”éA(u+x)du, (13)

T
where E? is the Euclidean d-dimensional space, E¢={x|

—x<x; <%, (i=1,...,d)}. The correlation function for the
process given by Eq. 13 is Gaussian (Figure 2),

Cp (x5, M) =, (14)

1.0
Coy(z, A)

0.8

0.6

0.4 {

0.2

0.0

Figure 2. Cx{x,A) vs. xZ in the two-dimensional case.

The correlation function obtained numerically for the
stochastic process, Eq. 13, (rough lines) is compared with
the predicted exponential decay in x?, Eq. 14, (continuous
lines) for different values of A.
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As discussed earlier, by considering the linear superposition
of basis processes, Eq. 11, and putting z = x2, C, L) =
C, (2), it follows that

¢, ”(z)——-/oww()\)e"“d/\. (15)

Therefore, as in the 1-d case, Eq. 15 expresses the property
that the weight function #(A) is the inverse Laplace trans-
form of C, (2). )

It is important to observe that C, 9(2) is defined for real z,
while the Laplace inversion requires a Laplace transform on
the complex plane. In order to apply Eq. 15, we therefore
need an analytic continuation (j%”;(z) of C, ,(z) valid for all
complex z (whose restriction to real z coincides with G, ,(2)
such that

1 X, + i ~
= |7° (p) Az
() =5— fxn_m CP (2)e™ dz. (16)

The analytic continuation can be achieved by considering ra-
tional approximations (e.g., Padé approximants) or by means
of other methods (e.g., orthogonal polynomial expansiorn).
Examples will be given in the next section.

Two other topics deserve further attention. The aim of re-
construction methods is to obtain a stochastic characteriza-
tion of a porous structure and to reproduce a three-dimen-
sional lattice structure starting from a two-dimensional im-
age. In the transition from d =2 to d = 3 the formal appara-
tus remains unchanged as the prefactor of the kernel a(u, A)
in Eq. 13, which defines the basis functions, depends on d.

A final point is related to the presence of localized expo-
nential solutions. In many applications, asymptotic exponen-
tial decay is observed in the correlation function C, L2~
exp(— A.z). In this case it is convenient to consider the
process Y(x) defined as

‘y(x)=f:13(/\)‘y(x,/\)d/\+A‘y(x,)\c), an

where Y (x, A.) and the basis processes {Y(x, A)} are un-
correlated to each other. The resulting correlation function,
associated with the process defined by Eq. 17, is therefore
given by

C, (D)= f:%(/\)e"‘zd/\+ AZemhes, (18)

An example of the decomposition will be given in the subse-
quent section.

Examples and Applications
Closed-form solutions

Equations 15-16 state that the weight function 7(A) is the
inverse Laplace transform of the correlation function C, L2).
The entire apparatus of Laplace transform theory can there-
fore be applied to obtain 7(A) in closed form in many situa-
tions. As an example, let us consider a correlation function
with an exponential decay in x, and therefore,
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Coy(z) a) reconstructed
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Figure 3. Comparison of the corretation function ézg( z)
obtained numerically for the stochastic pro-
cess, Eq. 11, and the predicted exponential
decay, Eq. 19.

Simulation was performed on 200 x 200 lattice with & = 1/3.

C, (D) =e k. (19)

By recalling Eq. 16, it follows that the corresponding inverse
Laplace transform is given by (Abramowitz and Stegun, 1974)

7(A) =

exp( k7). 0)

k
2V A3

Figure 3 shows the comparison of Eq. 19 and the correlation
function obtained from a reconstructed 2-d 200X 200 lattice

by applying Eq. 11.

A numerical case study

In dealing with the reconstruction of real porous media,
closed-form expressions for the weight function () cannot
be obtained in general and Eqgs. 15-16 should therefore be
solved numerically.

The correlation functions C, (x) or ¢, [z) are defined for
real x or z: in order to apply Eq. 16 we need the analytic
continuation of the correlation function on the complex plane.
Orthogonal polynomial expansion can be useful to avoid nu-
merical problems associated with the Laplace inversion.

As a case study we consider a two-dimensional lattice ob-
tained by means of fractal percolation. This case reflects ex-
actly the same difficulties as can be encountered in connec-
tion with a 2-d analysis of a real porous medium. A fractal
percolation lattice is a random fractal generated by an itera-
tive procedure (Falconer, 1990). The unit square &, ={0,1]x
{0,1] is divided into b2 squares of side 1/b. A subset of these
squares is selected to form &, in such a way that each square
has the independent probability p of being chosen as a square
of &,. The iterative procedure continues so that &, is a ran-
dom collection of squares of side (1/6)". This iterative proce-
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Figure 4. C,, (2) and C,y{2) vs. z for a 128X 128 frac-
tal percolation lattice (n=7, b=2, p=0.90).

The bold line is the asymptotic decay, Cy(z)~ A2 exp
(= A.2).

dure, which depends on the parameters p and b, defines a
random fractal §,, = N5 _,§,. The fractal dimension of §, ,
is D= log(bzp)/log(b) Figure 4 shows the behavior in a log-
normal plot of C,(2), C, (z) for a 2-d fractal percolation
lattice with b=2, n =7, p =0.90 (128 X 128 lattice units, see
Figure 5A). These two correlation functions are related to
each other by means of transformatlon, Eq. 5. The bold line
represents the asymptotic decay Cz (z)~ A% exp(— A.z). For
numerical reasons it is therefore convement to develop the
correlation function C; (z) as

C, (2) = A%+ C, (2),

G, (= [ FWeHan, @)

and to approximate the new weight function 7#(A).
The estimate of #(A) and its analytic continuation can be
achieved by means of an orthogonal polynomial expansion.

Figure 5. (A) Fractal percolation lattice (128 x128 lat-
tice units, p=0.90, n=7, b =2); (B) its re-
construction by means of the method dis-
cussed in the text.
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Let us define the new variable y = 1Az +1) so that the posi-
tive real line z €[0,%) is mapped into y €{0,1] and put C2 (y)
=C, (1/y—1). In this way C2 (y) can be easily appr0x1-
matecf by means of an orthonormal polynomial expansion

N
C; (=X Py, (22)

n=20

where P(y)=TX%_,afy" are the modified orthonormal
Legendre polynomials on [0,1], ﬁk( »=vV2k+1PQ2y-1),
where P,(x) are the Legendre polynomials, orthogonal in x
€[—1, 1. Once the coefficients ¢, are evaluated from the
moment hierarchy {m,},

k

= Z a,(,k)mh,,

1A
my= [ C; (Dy'dy,  (23)
h=0 0

¢, [2) can be written as

N
C ( )= d‘__——y
2= L A

AV
= Y e (24
h=k
Note that the zeroth-order term is vanishing since for z -,
C; [(2) is vanishing. This expression can be easily inverted to
give

N-1 d e~)9‘k
=Y ST 25)

!
k=0 k!

Figure 6 shows that the reconstructed 7+ (A) with N =35, and
Figure 7 shows the comparison of the original and recon-
structed correlation functions. The comparison of the origi-
nal structure and the reconstructed lattice is shown in Figure

1.6

1.4

1.2

1.0

0.8

0.6

0.4

0.2

0.0

0 1

Figure 6. #(A) vs. A for the fractal percolation lattice
of Figure 5A, obtained from Eq. 25 with N=5.
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Figure 7. Comparison of the experimental and the re-
constructed C.y(z) for the fractal percolation
lattice of Figure 5A.

SA, 5B, where the close statistical similarity between the orig-
inal and reconstructed structures can be appreciated. A snap-
shot of the corresponding three-dimensional reconstructed
lattice is shown in Figure 8.

The method just outlined to obtain the kernel #(A), based
on orthogonal polynomial expansion in a transformed vari-
able y, is a simple and effective way to avoid numerical prob-
lems. Other approaches can also be proposed, for example,
by borrowing the results obtained in the theory of adsorption

Figure 8. Three-dimensional reconstructed lattice with
the same statistical features as in Figure 5B.
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on heterogeneous solids, which is based on a similar contin-
uum approach considering a spectrum of adsorption ener-
gies. For more details, see the review article of Cerofolini
and Re (1993).

Memoryless Processes and Khinchin Theorem

The approach followed so far is based on linear convolu-
tory functionals with prescribed kernels. However, it is possi-
ble to address the reconstruction problem by means of mem-
oryless processes that are stationary in a wide sense. This
method was originally proposed by Adler (1992). In this sec-
tion we focus mainly on the statistical properties of this ap-
proach compared with the convolution method discussed in
the preceding sections.

Let us first consider the case of a periodic porous medium
whose statistical properties are fully characterized within a
unit cell. We develop the analysis in the 1-d case. The results
obtained can be easily extended to arbitrary dimensions. In
this case, the unit cell is defined for x €[0, L], in which we
define a stochastic process Y (x) as

Y=Y bk[‘flk 005(27”‘1)‘*“521( sin(2wk—{)], (26
k=0 L L

where for each &, &, and §,, are stochastic variables uncor-
related with each other ((&; &) (&6, = &
§)63;7 = 0) having zero mean, and the coefficients b, are
to be determined. The correlation function associated with
the stochastic process is given by

> b
G, (x)= y b,%cos(quk—), (27)
k=0 L

and the coefficients b7 are therefore the Fourier coefficients
of C, (x) in a cosine Fourier expansion

1 L 2 I X

2_ ,_ 2 x
bo—Lf0 C, (x)de,  bi= Lfo Czy(x)cos(zka)dx,
k=1,2.... (28)

The series approach, Egs. 26-28, can be extended by remov-
ing the condition of periodicity and by considering a process
defined as

Y(x) = jo "Bl £,(w)cos(wr) + £,(@)sin(wx)]dw, (29)

where ({(w)) =0 (i=1, 2, Vo), {({(o)é(0,)) = 8(w, -
(Uz) (l = 1,2), (§,»(w1)§,-(w2)> =0 (l #j, V(U], (()2), for Wthh
the correlation function is given by

c, y(x)=f0mb2(w)cos(wx)dw, (30)

and therefore

bz(w)=3f°°c (x)cos( wx) dx (31)
T/ 2y )
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The introduction of a memoryless process to solve the re-
construction problem of porous media permits us to highlight
several important aspects.

First of all, Eqs. 27 and 30 are the most general expres-
sions for the correlation function of a continuous stationary
process with a discrete or continuous spectrum. Indeed, the
coefficients of the Fourier expansions (b7 or b*(w)) should
be strictly positive in accordance with the theorems of Siut-
skij and Khinchin (Doob, 1953). (The Khinchin theorem states
that a function f(x) is correlation function of a continuous
stationary process (possessing a continuous spectrum) if it can
be presented by

f(x) = [cos(wx) dF(w),

where F(w) is a distribution function. The Slutskij theorem
states the same properties of a continuous stationary process
with a discrete spectrum.)

It should also be noted that the processes represented by
Eqgs. 26 and 29 are stationary but in a wide sense. This im-
plies that the ergodic theorem of Birkhoff and Khinchin can-
not be applied, and therefore spatial averages do not coin-
cide with ensemble averages.

The following example illustrates this property. Let us con-
sider a one-dimensional periodic structure on x €[0, 1] and a
correlation function C, ,(x) =exp(— kx), x € [0, 1/2) with an
exponential decay in x. The periodicity of the structure im-
plies that C, (x)=C, (1 - x). Figure 9 shows the recon-
structed correfation function starting from Eq. 26, with the
coefficients given by Eq. 28, averaged over 10* realizations of
the process, for k = 5.0. The comparison between the recon-
structed process and the original is fairly good. Nevertheless,
a single realization of the process may possess a correlation
function that differs significantly from the averaged correla-
tion function: this is a consequence of the lack of ergodicity.

104

Cay(z)
0.8
0.6

0.4

0.2

0.0 — 1 1 N

i i 1 L

0.0 0.1 0.2 0.3 0.4 z 0.5

Figure 8. C,f{(x) vs. x for a one-dimensional periodic
porous medium.

The line represents Cy(x)=exp (~ kx) with k= 5.0; the
points are the results of the memoryless reconstruction, Eq.
26, averaged over N = 10* realizations of the process. The
spectral expansion, Eq. 26, is truncated up to the coefficient
of the fiftieth order.
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This situation does not arise when we apply the convolu-
tory approach presented in the previous sections, for which
spatial and ensemble averages do coincide. From this obser-
vation we may conclude that in the overwhelming majority of
applications the convolutory approach is to be preferred. The
memoryless reconstruction is indeed interesting for its sim-
plicity and for its relationships with the spectral decomposi-
tion of a porous medium.

Connection with Correlation Percolation

The reconstruction of porous media is a typical inverse
problem aimed at obtaining a way to generate lattice struc-
tures with the same geometrical features as the original sam-
ple.

However, many ideas developed to solve the reconstruc-
tion problem can be applied to approach the topic of perco-
lation models with correlation (correlated percolation) by as-
suming a given functional expression for the stochastic
process Y (x) and letting the porosity € vary. In this case,
the porosity plays the role of the percolation probability.

Models of correlated percolation have been discussed by
Weinrib and Halperin (1983), Weinrib (1984), Prakash et al.
(1992), and recently by Sahimi (1994). In this section we do
not intend to analyze the physics of correlated percolation
(which would fall outside the scope of this work) but to high-
light the relationships between correlated percolation and the
reconstruction problem. Let us consider a generic random
process Y (x) expressed by Eq. 11 or by Eq. 26. In a formal
way, a correlated percolation process can be viewed as the
triplet ( £, Y, p), where £ is a discrete lattice (with pre-
scribed dimensionality and topology of neighbors), Y = Y(x)
a stochastic process, and p a nonnegative number 0 <p <1.
For every point x € £, the state of the system Zg(x) is spec-
ified by the relationship

Zg(x)= G(x,p). 32)

As an example, Figure 10 shows four different realizations of
a 2-d correlated percolation cluster obtained by considering
Y given by Eq. 13 with p = e = 0.5 for different values of A.
The parameter A is related to the correlation length L =
1/v X . Models of exponentially correlated percolation cluster
are interesting for studying nonuniversal transport properties
(e.g., permeability) of real porous materials far from critical-
ity. As discussed by Weinrib and Halperin (1983) and Wein-
rib (1984), an exponential correlation does not change the
universality properties, so that close to the criticality, expo-
nentially correlated percolation clusters show the same uni-
versal features of usual uncorrelated percolation. Neverthe-
less, in most of the cases, macroporous materials show an
exponential decay in the correlation function. There are,
however, some examples of long-range correlated porous ma-
terials. An interesting property related to the closed-form so-
lution presented in the previous sections is that it is easily
possible to simulate models of correlated percolation having
correlation functions that decay slower than any power. In-
deed, if we choose for 7(A) the expression 7 (A) ={exp(— aA)
—exp(— bA)J/A, with 0 < a < b, then the corresponding cor-
relation function becomes C%(z) =log [(z + b)Az + a))/log
(b/a), that is, exhibit a logarithmic decay.
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D

Figure 10. Correlated percolation lattices (130 130 lat-
tice units, porosity € = 0.5) for different val-
ues of A: (A) A=1; (B) A=0.1; (C) A=0.05;
(D) A=0.01.

As noted by Sahimi (1994), correlated percolation models
are very useful in application to porous media and transport
because they mimic the structure of real materials better than
the usual (uncorrelated) percolation schemes. This observa-
tion can be regarded as a simple consequence of the results
previously obtained by Joshi et al. and further discussed here,
since the inverse reconstruction problem and correlated per-
colation are two aspects of the same theory.

The same analysis can be generalized to generic stochastic
processes given by the convolution of Gaussian processes. The
most general way to construct such a process is by consider-
ing a Wiener-series expansion for Y (x) (Rugh, 1980) of the
form

N
Y(x)= ), @&, x], (33)
k=1
where @' are n-ary functionals of the form

a(")[§3x]='[Eda(ul’""un)g(u1+x)‘..§(un
+x)du, - -du,. (34)

The introduction of a nonlinear functional relation of the
form of Eq. 33 breaks down the Gaussianity of ¢, thus mak-
ing the theoretical analysis of the properties of the resulting
structure much more difficult. As emerges from this brief dis-
cussion, the range of applicability of correlated percolation
models is practically unlimited. The scaling properties of cor-
related percolation schemes depend on the functional ex-
pression for the kernels defining .
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Concluding Remarks

We have presented a detailed analysis of the analytical re-
sults underlying the closed-form solution of the inverse re-
construction problem of porous media. The introduction of
the correlated processes Y(x, A), see Eq. 13, enables us to
reduce the problem (which in its usual formulation is intrinsi-
cally nonlinear) to the form of a linear functional equation.

We have presented a functional approach to solve the in-
verse problem based on the convolution of uncorrelated
Gaussian processes. This approach has been compared with
the memoryless Fourier analysis discussed in the section on
memoryless processes and the Khinchin theorem. The corre-
sponding reconstructed processes present different statistical
properties. In the former case, the resulting Y(x) is station-
ary in the strict sense and the ergodic theorem can therefore
be applied to it. In the latter case, Y(x) is stationary in a
wide sense, and spatial averages do not therefore necessarily
coincide with ensemble averages. In principle, the convolu-
tory approach should be preferred in practical applications.
Nevertheless, Fourier expansion is theoretically important for
highlighting the spectral properties of the process and could
be of use in some special cases.

Deeper examination of practical applications shows that
there are many theoretical problems still to be solved. Two
aspects are particularly interesting: the extension of the in-
verse reconstruction procedure to the case of nonlinear fil-
ters of the form of Egs. 33 and 34, and the analysis of n-com-
ponent reconstruction. The first problem represents the gen-
eralization of the reconstruction analysis developed here. The
main difficulty in this extension to the nonlinear case is that
the Gaussianity of Y(x) is lost.

The second problem arises in many separation processes,
for example, in mineral processing in connection with leach-
ing (Dixon and Hendrix, 1993). While the study of transport
in porous media requires the analysis of a two-component
system, pores, and pore matrix, the analysis of metal extrac-
tion by the leaching of porous particles requires the introduc-
tion of a three-component system: pores and both mineral
and metallic clusters. A similar situation arises in connection
with the fine description of catalytic particles in which the
catalytic clusters are distributed neither uniformly nor in a
purely uncorrelated way, but present some specific correla-
tion properties. Correspondingly, the inverse problem in-
volves the reconstruction of several independent correlation
functions. These aspects will be discussed in future works.
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Notation

{b,} = coefficients of the stochastic process, Eq. 26
d =space dimension
{d,) =see Eq. 24
L =unit-cell characteristic length
N =order of polynomial expansion
p(¥,,y,)=Dbivariate Gaussian probability density function
p(A)=see Eq. 11
{P,} =Legendre polynomials, orthogonal in x € [—1,1]
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{B,} =modified orthonormal Legendre polynomials on [0, 1]

X =position vector
y=1Az+1)

Greek letters

{afF} =see Eq. 23
8(x) = Dirac’s delta function
A =exponential decay parameter, Eqgs. 10 and 14
A, =localized exponential decay parameter, Eqs. 17 and 18
Xe(x)=characteristic function of the pore space @

Superscript

( p) = analytic continuation on the complex plane
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